SI-95-4 



|hep-th/9506T62 



Topological Yang— Mills Theory 
with Two Fermionic Charges. 
A Superfield Approach 
on Kahler Manifolds 

H. D. Dahmen, S. Marculescu* and T. Portmann^ 
Universitat-Gesamthochschule-Siegen, 
D-57068 Siegen, Germany 

(to be published in Nucl. Phys. B) 



Abstract 

The four-dimensional topological Yang-Mills theory with two anticom- 
muting charges is naturally formulated on Kahler manifolds. By using a 
superspace approach we clarify the structure of the Faddeev-Popov sector 
and determine the total action. This enables us to perform perturbation 
theory around any given instanton configuration by manifestly maintaining 
all the symmetries of the topological theory. The superspace formulation 
is very useful for recognizing a trivial observable (i.e. having vanishing 
correlation functions only) as the highest component of a gauge invariant 
superfield. As an example of non-trivial observables we construct the com- 
plete solution to the simultaneous cohomology problem of both fermionic 
charges. We also show how this solution has to be used in order to make 
Donaldson's interpretation possible. 
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1 Introduction 

There is a renewed interest in topological Yang-Mills (TYM) theory |lj over the 
past two years. While an immediate physical meaning is still a matter of debate 
(see however 0, @), TYM certainly offers powerful methods || for extracting 
non-perturbative information ||, about supersymmetric chromodynamics. 

Before presenting the content of our paper we would like to give a short review 
of TYM. For more details one should consult the excellent articles f|, @. 



1.1 Review of Topological Yang— Mills Theory 

The basic property of TYM is that its action can be written as the variation of 
some gauge invariant expression. The variation itself acts on the gauge field as 
a shift and is nilpotent. The former property allows one to formulate TYM on 
curved manifolds. 

There are essentially two ways of deriving the TYM action, each of them 
having its own merit. One can, for instance, construct an action incorporating 
the following set of subsidiary conditions: self-duality (instanton), fixing of the 
topological shift and the BRS gauge fixing |l(J, Being directly related to 



instanton calculus it can be conveniently used for explicit calculations |12[, [ |T3|j . 

Another way []J to obtain TYM is by twisting the Euclidean N = 2 super- 
symmetric gauge theory and by coupling thereafter to external gravity. While 
the last step breaks down the original N = 2 supersymmetry, some supersym- 
metries may exist on the curved background as global symmetries. We call them 
fermionic symmetries. 

A single fermionic symmetry is preserved on arbitrary Riemannian manifolds. 



One can show [0] that two or four symmetries remain unbroken if the manifold is 
Kahler or hyper-Kahler, respectively, because each Kahler structure is equivalent 
to a corresponding Killing spinor. 

For the rest of this short review the TYM has a single fermionic symmetry 
q, hence it is formulated on a Riemannian four-manifold. The action produced 
by twisting differs by q-exact terms from that obtained via subsidiary conditions. 
However, the correlation functions are the same [ |12|] . 

The TYM obtained by twisting gains in clarity when formulated in superspace 
|15| despite the consequence that BRS symmetry has to be introduced in terms 



of superfields. 
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TYM imposes very strong restrictions on the possible observables. Only those 
objects which are not highest components of gauge invariant superfields can have 
non-trivial correlations. The proper mathematical background for constructing 
such observables is equivariant cohomology [HJ. Its use in TYM has been initi- 
ated by Jl7j and further developped in 



g, p. 



The only known examples of TYM observables are the Donaldson polynomials 



(for a review see [21j|). They can be obtained [ 22fl , [23| by twisting some 
components of the N = 2 superconformal anomaly [p^j . By an appropriate change 



of renormalization prescriptions one can obtain the Donaldson polynomials in 
the semiclassical approximation. However, this approximation turns out to be 
sufficient as a consequence of the non-renormalization theorem for chiral fields 
2§, |2§. 



Further restrictions on the observables come through the path integral repre- 
sentation. For TYM there is a canonical functional measure [|IJ [dm] [dm] , where 
m denotes the moduli and m their q-transformation. The above measure is sup- 
plemented with simple prescriptions for integrating out all non-zero modes |l| 
(as well as some zero modes ]13[). The integration over the fermionic zero modes 
amounts to replacing m everywhere by dm, such that the correlation function 
becomes the integral of a certain top-form over the moduli space [jl| . 

Another consequence of the fermionic zero modes m is the vanishing of the 
partition function. This means that the action of TYM has an Abelian global 
invariance — hereafter called ghost number symmetry — that is not shared by the 
path integral. The amount AU of violation of the ghost number symmetry is 



obtained by integrating the twisted H-anomaly [23], [27] over the manifold. One 
can choose the ghost number U such that its variation AU exactly compensates 
the dimension of the moduli space of self-dual instantons f2~8fl . This provides us 
with the following selection rule: The total ghost number of the observables in a 
non- vanishing correlation function equals the dimension of the instanton moduli 
space. 



1.2 Content of the Paper 

In the present paper we consider TYM with two anticommutig symmetries along 
with the items described previously. The twisting appropriate for this case has 
been found for the first time in [Q. Due to the existence of a Killing spinor which 
is necessary to preserve the second supersymmetry the Riemannian manifold has 
an integrable complex structure whose Kahler form is closed, thus being in fact 
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a Kahler manifold. 

We use this formulation in section || to set up a superspace approach. By ex- 
tending the method of [13] to two Grassmann variables we encounter constraints 
in superspace. They are solved in terms of a prepotential, a pair of chiral-an- 
tichiral connections and a chiral-antichiral pair of antisymmetric tensors. As a 
consequence, the gauge symmetry is replaced by the local chiral symmetry. Fur- 
thermore, the gauge symmetry is completely fixed if one is postulating subsidiary 
conditions for the chiral connections. The gauge and Faddeev-Popov terms are 
then easily constructed. 

Section |3| deals with the symmetries of the theory. On Kahler manifolds each 
conservation law involves two contragredient (with respect to conservation in- 
dices) but inequivalent tensors. They belong to different superfields and have dif- 
ferent positions within each multiplet. Most prominent examples are the energy- 
momentum tensor and the pair of fermionic symmetry currents. These objects 
represent (up to improvement terms which leave the conservation law unchanged) 
the highest components of gauge invariant superfields. 

The 'classical' theory under discussion is invariant under two global Abelian 
symmetries, whereas one encounters anomalies at the quantum level. In section |] 
we use this opportunity to check our superspace formalism in perturbation theory. 
We evaluate the gravitational contribution to both Abelian anomalies and found 
that they are equal. Moreover, they are equal to the dimension of the instanton 
moduli space. The result coincides with the one obtained for a Riemannian 
manifold admitting a Kahler structure. 

In section [| we give the solution to the simultaneous cohomology problem of 
both fermionic charges. In contrast to TYM with only one fermionic symmetry, 
this solution consists of local observables which may depend on a larger number of 
fields, including antisymmetric fields. We can, however, show that the correlation 
functions of the integrated observables can be interpreted as integrals of top- forms 
over the moduli space of selfdual instantons. 

A different treatment of TYM with two fermionic charges has been given 

in 



[29H and |3(|. A short comparision with our work is provided at the end of 
section |5J. 
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2 Superspace Approach 



Consider a superspace with two Grassmann coordinates 9, 9 related by complex 
conjugation i9 = i9. The commuting coordinates z m and z m with m = 1, 2, m = 
1, 2 represent local holomorphic and antiholomorphic coordinates, respectively on 
a Kahler manifold /C without boundary and endowed with the metric (1, l)-form 

7 = g mfi dz m dz n = ddh . (2.1) 

Here, h is the Kahler potential of the metric. 

To these coordinates one associates the superconnections A m , = —(A m )\ 
Ag and A§ = —(A$y, in short Am with M = m,fh, 9, 9. Under an infinitesimal 
gauge transformation they change as 

SA M = V M K = V M + [A M , K] (2.2) 

where K = —KK We use V m , V,^ to represent Kahler derivatives, while 9, 9 
directions are flat, i.e.Vg = dg, Vg = dg. 

We also introduce the following covariant superfields: the anti-Hermitean 
scalar A = — and the pair of complex conjugate, antisymmetric and anticom- 
muting tensors X mn , X„ s = —(X mn )^. They transform as 

5X = [K, X] (2.3) 

where X = A, X mn or X^. 

All superfields are taken in an irreducible representation of the compact 
and semi-simple group G with anti-Hermitean generators t a = —t\ where a = 
1, . . . , n = dim G and with totally antisymmetric structure constants c a b c defined 
through [t a , tb] = c a bctc- The generators t a are normalized by Tr(t a tb) = —5 a b- 

From superconnections one can construct the superfield strengths F mn , F m g, 
F m g, Fgg, their complex conjugates, F mn and F 8 g. They are defined by 

F MN = V M A N + A M A N - (-)MM (M ^ N) (2.4) 

where \M\ is the grading of M, i.e. \M\ = for M = m,rh and \M\ = 1 for 
M = 9,9. The superfield strengths transform covariantly, i.e. as ( |2.3| ). 
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2.1 Constraints in Superspace 

In order to obtain the desired TYM one imposes the constraints 

Fee = F§e = F m § = F m9 = ; (2.5) 

^>eX mn + iF mn = ; DeXmn + iF mn = . (2-6) 
Notice the similarity of (^.5[) with the constraints in superspace for the N = 1 



super symmetric gauge multiplet [|31|. The role of ( |2.5|) is to ensure that TYM 
has a single gauge field. 

The fermionic symmetries are represented by the Grassmann derivatives q = 
de and q = dg. They are nilpotent and anticommute: q 2 = q 2 = {q, q} = 0. 



2.2 Wess— Zumino Gauge 

We define the fields of TYM through covariant superfields and their Grassmann 
covariant derivatives: 



4>m = 


— F m e\ ; 




— F m e\ 


V = 


-i F e §\ ; 


A = 


A| ; 


9+ = 


2D e A\ ; 


9- = 


2 D e -A| ; 


k = 


[De, Dq] A ; 


fmn 


F -1 ■ 

- 1 mn | j 


"X.mn 




Xrhn 


■^mii | ) 




^eX mn \ ; 


bfnn 




fmn 


iDgJC mn | ; 


fmn 


'^eXfan 



(2.7) 



The vertical bar means the lowest component of the superfield, i.e. at 9 = 9 = 0. 

Further components of these superfields can be obtained from ( |2.7|) with the 
help of Bianchi identities and constraints (j2.5|), (|2.6|). They are related to fl2.7| ) 
through the gauge covariant derivatives D m , D m or vanish. 

The transformations of the fields defined by ( |2.7| ) are generated by the Grass- 
mann covariant derivatives 

5(X|)=i(C + i£)D0X| + i(C-i£)D e -X| . (2.8) 

Here X represents any of the covariant superfields on the rhs. of (|2.7| ); £ and £ 
are real, anticommuting parameters. 



6 



From ( |2.8| ) one can see that the fermionic transformation q = dg (or q = dg 
resp.) is always accompanied by a gauge transformation [Ae,X]| (or [Ag, X]\ 
resp.) restoring the gauge covariance. From the transformation of the various field 
strength f mn , f mn , and f mn one can deduce how the gauge fields are transforming, 
albeit up to a gauge transformation. Usually, in the Wess-Zumino (WZ) gauge 
the last gauge transformation is suppressed. A simple calculation leads to the 
following transformation rules: 

5a m = i(C + if) ip m ; 8a m = i(C - if) i> m ] 

Stp m = (C - if) D m y? ; 5ip m = (( + if) D m (p ; 

Sip = ; 

= i(C + if)^+ + i(C-if)^-; 

Sg+ = -i(C-iO(fc-i[M]); Sg. = -i(C + if) {k + i[tp, A]); 
5k = i(C + if)[^^ + ]-|(C-if)b,^]; 

SXmn = (C + if) bmn + (C - if) fmn ] 

SXrhn = (C + if) fmn + (C ~ if) ^rhn ] 

Sb mn = -i(C - if) (Dmi>n ~ 'Dnlpm + [<P, Xmn}) ] 

Sbfnn = -i(C + if) (D m ^n ~ D^m + [</?, Xmn]) • 

This choice of the field components enables one to declare them (Kahler) metric 
independent. It follows that fermionic symmetries and the variation with respect 
to the metric always commute. 

The transformations (|2.9|) close into 92-field dependent gauge transformations. 

In section [| we shall give the fermionic transformations generated by the 
nilpotent, anticommutative operations q and q. 



(2.9) 



2.3 Action 

The action in superspace is given by 

S = \J k d 2 zd 2 z g d e d § Tr [-\X mn X mn + A (iF — [Dg, D S ]A)} (2.10) 

where g = det g m n and F = g nm F mn . Indices are raised by the inverse Kahler 
metric g nm of the Kahler manifold K. 
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The equations of motion in superspace are 

DoX mn = ; DgXrnn = J 

| D n X rnn + D D m A = 0; \ D n X mn + D D^A = ; 
F + 2i[D,,D e -]A = 0; 
{D m ,D m }A + ±{X mn ,X mn } + 4i{D e A,D,-A}-2i[A,[A,F, e -]]=0. 

From (glQ|) one can get the action in component fields: 

S = \J d 2 zd 2 z g Tr [A{D m , D"> + i/fc - A; 2 + § (/ m „/ mn 

+2iA{^ m , } + <p (i{ Xmn , X mn } + {9 + , 9-}) - [¥>, A] 2 } . 



(2.11) 



(2.12) 



It coincides (up to some field redefinition) with that obtained in [|l4j] by twisting 
N = 2 supersymmetric Yang-Mills theory (SYM). 

2.4 Solution of the Constraints 



One cannot solve the constraints (|2.6|) in superspace. Instead one can take them 
into account by means of Lagrange multipliers. For this purpose one introduces 
a new action 

S = 5 + ^^d^d 2 5^(9 e Tr{L m "(D e -X mn + iF mn )} (213) 
+ dgTr {L mn (D e X mn + iF mn )}) 

where L mn and L^n = — (L mn )^ are a pair of complex conjugate, anticommuting, 
and antisymmetric superfields satisfying 

^>eL mn = DgLfhn = . (2-14) 



The (covariant) superfields entering (|2.13 ) are subject to the constraints ( p75| 
and (gig) . 

The solution of these constraints can be given in terms of 
• a Hermitean prepotential V — V*, 
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• a chiral-antichiral pair of superconnections (f> m , <pm = —{(pmY depending on 
a single Grassmann variable dg<f) m = dg<f)m — 0, and 

• a pair of chiral-antichiral, anticommuting, and antisymmetric superfields 

M mn , Minn = -(M mn y obeying d e M mn = dgM^n = 0. 

It can be presented in the form 

V V V V 

A e = e~~dge^ ; A§ = e^d§e~^ ; 

An = {(j) m + V m ) e"T ; A m = e"^ {4>m + V„) ei ; (2.15) 

— — n/r — t — n/r — — 

-L'mn = e 2 IVl mn e 2 j J-'mn = 6 2 IVlfnn^ 2 • 

The constraint superfields V, m , 0m, M mn , and M m ^ are determined up to local 
chiral transformations. 



2.5 BRS Symmetry in Superspace 

It is convenient to describe the chiral transformations by a BRS (nilpotent) oper- 
ation. For this purpose one introduces a pair of chiral-antichiral, anticommuting 
superfields C, with dgC = d e C^ = 0. The unconstrained prepotentials trans- 
form as follows: 

se ^ = e v C + C^e v ; 

s0 m = V m C; s0 m = -P m Ct; (2.16) 

sM mn = {Ct,M mn }; sM™ = -{C,M m n} 

where V m (or £> m resp.) is the gauge covariant derivative constructed with (f) m (or 
4>m resp.). The gauge symmetry is represented by an anti-Hermitean Faddeev- 
Popov ghost superfield 

K=^ + tanh^(^±^) (2.17) 

where £ x = [X , ] denotes the Lie bracket of the superfield X. The 'matter' 
transforms as 

sA = -[K,A]; t x 

L J (2.18) 
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The local chiral symmetry is fixed if only the corresponding connections </> m , 
(pin obey subsidiary conditions, e.g. V m m = V m m = 0. In order to find the 
gauge fixing and Faddeev-Popov-terms one introduces a pair of chiral-antichiral 
(commuting) superfields D, with d§D = dgD^ = 0, as well as their BRS 
variations B = sD and = sD^. The superfields B, B' are anticommuting and 
form a chiral-antichiral pair. They serve as Lagrange multipliers for the gauge 
fixing conditions characterized by the real parameter a. The BRS (trivial) term 
of the action is 

S' = -\sJ^d 2 zd 2 zg(d e Ti{D(v m (l )m - a deB)} (2ig) 
+d,-Tr{Dt (y m <f> m - ad 9 B^)}) . 

The total action is S + S' and represents the starting point of all perturbative or 
non-perturbative considerations. 

2.6 Correlation Functions 

We would like to study correlation functions of the form 

(jl°*) = ffift U°i™p{-^(S + S')} (2-20) 

where Oi are gauge invariant (sOj = 0) and metric independent polynomials in 
the fields, [d/2] denotes the path integral measure of all unconstrained superfields, 
i.e. V, m , (prn, M mn , Mfan, X mn , Xfnn, A, C, C\ D, D\ B, and B^\ e is the 
gauge coupling constant. 

If one assumes that qOi = qOi = 0, the correlation functions are independent 
of the coupling constant. The reason for this property is the form of the total 
action 

S + S' = qqV + qW-qW (2.21) 

where V is a Hermitean superfield and W, VV is a pair of complex conjugate 
chiral-antichiral anticommuting superfields, i.e. qW = qVV = 0. 

Many observables are constructed from the (total) action by operations which 
commute with both q and q and therefore have the form ( p. 21 ) . They are highest 



components of BRS invariant superfields. Of course, they are q and q invari- 
ant. Observables which are highest components can be shown to have vanishing 
correlation functions only. 
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3 Symmetries 



Most of the symmetries of supersymmetric field theories are encoded in the super- 



current |32| , a multiplet containing the energy-momentum tensor, the supersym- 
metry and the IR-symmetry currents. For N = 2 supersymmetry an additional 
isovector current |24j corresponding to the automorphism SU (2) symmetry group 
belongs to the supermultiplet. (Of course, the number of supersymmetry currents 
is doubled.) 

The twisting procedure enables one to get the above currents for the TYM 
and to recast the result into appropriate superfields |p3| , fl33| . The method has 
the advantage to be easily applicable to any N = 2 supersymmetric gauge 
theory, e.g. to super- Yang-Mills coupled to relaxed hypermultiplet [ |35|| . 

The approach we shall use below is adapted to the relative simple structure 
of the TYM obtained from pure N = 2 supersymmetric Yang-Mills theory. 



3.1 Energy-Momentum Tensor 



Consider a variation of the metric in the action Q2.12 ). The canonical energy- 
momentum tensor defined by 

S g S = -l I & 2 z& 2 zg5g nm $ mn (3.1) 

has the form 

dmn = Tr{-ikf m n + DmADn</7 + D m <pD n \ - i (-0 m D^_ + V>nDm#+) 
-2iA{^ m , Vn} - 9mn[k 2 - ikf + D p XD p (p + D p ipD p X 
-i (V P D p ^- + rV P 9+) - 2iA{^ p , r} - 'Mg+, 9-} 
+ b,A] 2 ]}. 



(3.2) 



It is the last component of the superfield — 2iTr {A [F mn — g mn (F + i[D e , D^]A)]}. 
The on-shell version of the latter reads 



Qmn 2iTr j^A {^F mn 29mnF^J^ 

and obeys the conservation laws 

dgV n Q m n + V™ J mn = ; 

dfj^7 n Qnrh + V" Jmn = 



(3.3) 



(3.4) 
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where 

</mn = iTr — 2F^gD^A + AD^F^j . 



In deriving these expressions we used the equations of motion ( 2.11Q ; hence J, 



and its complex conjugate J mfL have no definite off-shell continuation like Q r 
The energy-momentum tensor d mn obeys the conservation laws 



V n tf mn + = ; V n d nm + V*#rm = (3.6) 



where 



$ mn = Tr{-|/ (m P / n)p + D (m AD n) (/3 + iXnpDm^ p - tynD m g-} 
dftin = Tr {\f p (fhfn)p + D (m AD fi )^ + iXnj>D»nV> p - i^D^^} . 



(3.7) 



The conservation partners i? mn , of the energy-momentum tensor are higher 
components of the superfields J mn and J mfl but obviously not highest component 

like "&mn- 

The correlation functions of d mfl are vanishing. From the special structure 
of Q3.4D it follows that the correlation functions of all the components of V n J mn , 
T ^ n Jfhn (and in particular of V n $ mri , V n i9mn) vanish. 

Of course, radiative corrections may alter some of the above conclusions. For 
Riemannian manifolds one can however show that the energy-momentum tensor 
remains highest component. In particular, there is no contribution to the energy- 
momentum trace coming from the (Riemannian) manifold p6| . We expect a 
similar property for TYM on Kahler manifolds. 



3.2 Fermionic Symmetries 

Consider the fermionic transformations (|2.9|) with z, z-dependent parameters £, £ 
and pick up terms proportional to (Kahler) derivatives of these parameters. The 
fermionic symmetry currents defined by 



5S 



i 

16 



d 2 zd 2 zg v m (c + iO s" can + vnc + iO s; 



(3.1 



+V m (C-iO s m can + V*(C - i£) s; 



12 



(3.9) 



are 

s+ can = 2Tr{f mn ^ n -g.D m <p} ; 
4 can = 21V{xmnD> + ifc^ + ¥j[A,^]} ; 
s" can = 2Tr { Xm „D> - iktp m + ip[X, ^ m }} ; 
= 2Tr{f Thn r-g + D rh ip} . 
Due to the equations of motion ( |2.11| ) they obey the conservation rules 

V m s^ can + V™4 can = . (3.10) 

In order to find the superfields whose components are related to fermionic sym- 
metry currents we investigate at first the global symmetries of the action. 



3.3 Global Symmetries 

The action ( p.lOj ) is invariant under a global SU (2) 



-vip m - u mn ^ n ; 



8g+ = -vg+ + ±u mn x 
and under a global Abelian group: 



V/Cmn laming— j 
1 „ , , ,mn . 



Sg_ = vg_ + ^™X™ 



(3.11) 



5ip m = 








8tp = 


2mp ; 


5X = 


-2u\ ; 






&"X.fhn 




Sg+ = 


~ug + ; 


Sg- = 


-ug- . 



(3.12) 



The parameters u, v are real and u mn , Umn are antisymmetric and complex con- 
jugate to each other, i.e. Umn = —Umn- The corresponding currents are given 
by 



5S 



d'zd'zg [± (V p u mn b mnp + V p u mn b mnp 

-i {V m ub m + V^ubrn) - {V m vb' m + V™vb' m ) 



(3.13) 
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The conserved combinations b m ± b' m and bm ± b'^ are responsible for two global 
Abelian symmetry groups 1R±. Through their charges they associate to each field 
two additive (real) quantum numbers r±. 

One can still modify the above combinations of currents without disturbing 
their conservation. A convenient choice is to improve 6„ + 6^ to a q variation 
and b m — b' m to a q variation. The improved currents, denoted by 6jt and 6~ are 
defined by 

6+ = -4iqTr{A^} ; 6" = -4iqTr{A^ m } . (3.14) 

The last step is to construct the conservation partners 6+ and b~^. The superfields 
are then easily guessed to be 



B+ = AYTi{\F n - d X mn -F eS Y) m k} ; 

B+ = 4icfeTr{AF^-} 

and 

B~ = 4id § Ti{AF me } ; 

B m = 4iTr ^F n e Xfnn — F^D^Aj . 



(3.15) 



(3.16) 



They obey the conservation rule 

V m B± + V™B± = . (3.17) 

The first components of B^, B^ are the H±-currents discussed above; none of 
them is observable since none of them is simultaneously annihilated by both q and 
q. The next components are the improved currents of the fermionic symmetries: 

s+ = 2Tr{/ mn ^ n + ^D w5 _} ; 

4> = -T^{f^m + 2g-Brf l (p + 2if[X,ilJrh]} ; , Q10 , 

[6. its) 

s m = -Tr {-fifj m + 2g + Y) m (p + 2y?[A, 4> m }} ; 
s m = 2Tr {frn,ntp n + <pDm9+} ■ 



One can easily check that eqs. (|3.18|) differ from ( |3.9| ) by terms which do not 
violate the conservation law. 

Of the list (|3.18| ) only s+ and s~ are local observables since they are both 
q and q invariant. However, being the highest component of the superfields 
4iTr{AF Jfl g} and 4iTr{AF m g} respectively, all their correlation functions vanish. 
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There are two more conserved currents which correspond to commuting pa- 



rameters u mn , Ufnn p3| ) j37| . They give rise to the antichiral superfields 

(3.19) 



B m np 4iTr {X mn Fpg } , 
B mnp = 8ig[ mp d 6 Tr {AF n]e } 



and to their complex conjugates (chiral ones) 



Bfhnp — 8i^ p [m(9 e Tr jAF^gj 
Bfnnp 4iTr {x^Fpgj . 



(3.20) 



The conservation rules read 

v ^B mn p -\- V^.B mn p , 

Two new local observables emerge: 



(3.21) 



Smnp dgB mn p\ 4Tr {% mn Dpip fmn'lpp} j 

Sfhnp 4Tr {^mnDp^ frnn^Pp} ■ 



(3.22) 



They are highest components of an antichiral or chiral superfield, respectively, 
and therefore have vanishing correlation functions. 

3.4 Taking BRS into Account 

Also if BRS symmetry is taken into account, the trivial observables discussed 
previously remain higher components of gauge invariant superfields. The starting 
point is the total action S + S', which includes also the Lagrange multipliers L mn , 
Lfnn, the Faddeev-Popov ghosts C, C\ and their antighosts D, DK The dynamics 
of the total action is somewhat intricate — the superfields X mn , X^n are set equal 
to the corresponding Lagrange multipliers 

Amn L mn , Xfnn -^mn j (3.23) 
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therefore becoming covariantly chiral. Some equations of motion (see ( |2.11| )) have 
to be modified: 



(3.24) 



B n L mn + 2D e D m A + 2ie~T (v m Bt - [C\ V m tf] )ei = ; 
D*.^ + 2DpD*A + 2ieT {V m B + [£7, V^D]) e~T = 0. 

The gauge is fixed by 

V"> m = 2ad 6 B ; V™^ = 2ad~ e B ] . (3.25) 

Finally, ghosts and antighosts obey the equations 



V m V m C = 0; V^Ct = 0; 

V m V m D = ; Vr-^D^ = . 



(3.26) 



After some calculation one gets the following system of BRS modified current 
superfields corresponding to the fermionic symmetries: 

B+ = 4iTr { \F n s X mn - F 69 D m K + is ( V m rfe v d s e- v ) } ; 

B+ = 4iTr {d e (AF mS ) - is {p%^) } ; 

B~ = 4iTrH-(AF m ,)-is( J D^ m )} ; 

Br = 4iTr {|F%AT mfl - F^-D^A + is (V rnDe~ v d e e v ) } . 



The observable currents are sjt and s~ . The differences s± — sjt and s~ — s~ are 
gauge variations of the second component of the chiral superfields —4Tr{D> d§<firn} 
and — 4Tr{D<9 e m }, respectively. 



4 Perturbative Check 

One would like to have some confirmation about the correctness of the field 
theoretic description of TYM on Kahler manifolds. In the present section we shall 
compute in perturbation theory the gravitational contribution to IR±-anomalies. 
The latter can be considered as finite radiative corrections to the conservation 
law for the Abelian currents. It will turn out that the anomalies are equal. When 
integrated over the Kahler manifold they both yield the (formal) dimension of the 
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instanton moduli space. The resulting number is well known in the mathematical 
literature and has a standard representation by local polynomials in the curvature. 

On the other hand H_|--anomalies get perturbative contributions from all the 
(super)fields of the model. Hence, one can in fact check the proposed superspace 
description. 

Since our calculation is limited to one-loop approximation, we shall regular- 
ize the H±-currents by point-splitting. This way all the symmetries which are 
supposed to be preserved at the quantum level will be automatically taken into 
account. 

4.1 Green Functions 

The Green functions can be obtained from the linearized equations of motion 
with sources. The source term that is added to the total action has the form 

\ f d 2 zd 2 zg {d e Tr (\K mn M mn + J"> m + J B B + J C C + J D D) 

+<9 e -Tr [\K mn M mn + J m M m + J B tB^ + J ct + J D tD^) 
+d e d s Tr (\J mn X mn + \ J mn X mn + J A A + JV)} 

where the sources K mn , K mn , J m , J m , J B , J B u Jc, JcU Jd, JdU Jmm Jmfn J\, 
J and the corresponding superfields M mn , M mn , <p m , <f) m , B, B\ C, C', D, D\ 
Xfnni X mni A, V have the same symmetry and reality (or chirality) properties. 
The linearized equations of motion are 

\V n M mn + V m (£t _ id 6 A) = J m] 



2 

2 



l -V n M mn + V m (B-\d § A) = ,h 



iV[ m n ] + d§X mn = 2K mn ; iV[m0n] + d e X mn = 2K mn ; 

X m n M mn -\- 2J mn , Xfjifi Mffin -\- 2J m fi , 

V m (f> m = 2ad e B + J B ; V m cj> m = 2ad § B^ + J m ; 

V m V m C = J D ; V m V m Ct = J Dt ; 

V m V m D = J c ; V m V m Dt = J ct ; 

(4.2) 
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V m V m V + Vm4> m - V m m + 4i3 e <9 e -A + i J A = 0; 

V m V m A + iJ = . 

Eqs. (|4.2| ) can be converted into differential equations for the Green functions 
(GF). The solution can be expressed in terms of two basic GF, the scalar GF 
G(z, z') and the vector one G m n'{z, z') the definition of which is given by 

V p WG(z,z') = -5(z,z>); 
V p V p G mn >{z,z') = -g mn ,(z,z')8(z,z') 

where 

S( z , z') = g-^iz - z')5 2 (z - z') . (4.4) 

The factor g m n'{ z , is explained below in section |4.2| . 

By taking K, a compact Kahler manifold and by observing that the Laplacian 
V P V P is an elliptic operator one can assume that eqs. ( |4.3|) have unique solutions. 

We choose to work in the gauge a = 1. Below we list only those Green 
functions which are necessary for the computation of anomalies: 

2i5 ab (6-9')V [m G nW (z,z') ; 
2i5 ab {e-6')W [ r h G pln] {z,z') ; 

i5 ab {e-e'){e-e')G{ z ,z') ; 

-5 ab (6-6')V m G(z,z') ; 
-5 ab {e-e')S/^G{z,z') ; (4.5) 
-5 ab (e-e')G(z,z') ; 
-5 ab (9-6')G(z,z') ; 
S ab (6-6')G(z,z') ; 
5 ab (d-0')G(z,z') . 

The brackets on the left hand side of ( |4.(j| ) indicate that the two-point function 
has to be calculated with the formula 

(...) = f[dp\ ...exp{-l,Si in } . (4.6) 

The linearized action Sn n leads to the equations (|4.2|) , albeit with the source 
superfields set equal to zero. 



(X mna (f)pi b ) — 

\Xfhna<t>p'b) = 

(AaV' b ) = 

(4>maB' b ) = 

(^m a B' b ) = 

(V a B' b ) = 

(V a B' b ) = 

(C a D' b ) = 

(CaD' b ) = 
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4.2 Short Distance Behaviour 

GF have singularities in the scalar variable a, i.e. one fourth of the geodetic 
interval squared between the points (z m , z m ) and (z m , z m ). The variable satisfies 

a = g nm a m a n (4.7) 

where 

<?m = V m CT ; Urn = V^Cr . (4.8) 

The residue of the singularity involves the so called parallel displacement 
matrix g m n'(z, z') |38| defined by 



(cr p V p + a p V p ) g m n'(z, z') = ; [g m n>] = g m n • (4.9) 

The square bracket used in the boundary condition means coinciding arguments, 
i.e. z m = z m and z m = z m . 



The scalar Green function has the following short distance behaviour 

G(z, z') = -^4^ {- + bo] In a + 0(a m In a)) (4.10) 

valid up to terms of at least first order in a m In a or cr^ In a. The functions T(z, z') 
and vq(z, z') can be determined from differential equations with boundary condi- 
tions that are similar to fl4.9|) . The only relation we shall need in the following 
is: 

(y m + g mfi >V n ')\nT{z,z') =0 2 {a m ,a in ) ; [T] = 1 (4.11) 

where the symbol Oi on the right hand side of the first equation ( |4.11| ) means 
terms at least bilinear in a m and 

Instead of the vector GF it proves convenient to introduce [^] two bilocal 
unprimed tensors 



G m n(z, z') — g^ (z , z')G m pi (z , z') ] 

G mn (z,z') = gf^(z, z')G p >n(z, z') . 
The short distance expansion of the vector GF reads now 



(4.12) 



G m n{z,z') = g mn G(z,z') - ' Rmn In a + 0(a m In a) (4.13) 

1/07T Z 

where R m f, is the Ricci tensor of the Kahler manifold. 
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4.3 Regular izat ion of Superfield Currents 

We assume that the fermionic symmetries are preserved in perturbation theory. 
The corresponding currents s*, receive radiative corrections, can be, however, 
redefined as to remain conserved. As a consequence one can use the superspace 



approach for quantum computations. However, the conservation law (|3.17 ) of the 
superfield currents B^, B^ is violated in perturbation theory. The breakdown of 
current conservation gives rise to ]R-|--anomalies. 

For evaluating the gravitational contribution it is sufficient to compute the 
vacuum expectation value of the left hand side of the conservation law ( [3.17|) . 
Here we consider explicitly only the ]R + -anomaly. The appropriate superfield 
currents were given in ( |3.27| ). In the one-loop approximation one uses the lin- 
earized expressions 



B+ = Am{\g^X mn de{V p V+4>n) + d 6 d s VV m K 
+i(y m rfd- e & -V m B^deV)} ■ 

B+ = AiIi{d- e {V^V + ^ l )d e A-Ad e d § V fh V 

-[(pidgVrnCft + Bidsfe)} . 



(4.14) 



(4.15) 



The linearized currents are regularized by symmetric point-splitting being 
summarized in the following rules: 



1. For each term of Q4.14 ) and ( |4.15|) one takes into account both factor or- 



derings with equal weight. 

2. Each primed index, i.e. corresponding to the coordinates (z m \z m> ) is ac- 
companied by a parallel displacement matrix element g mfi /(z,z') or by its 
inverse g nm (z',z). 



As an example let us write down the regularized version of ( 4.14 ) 



B+(z,z') = 2iTr{±(gP' n X mn d § ,<P? ~ 9ig pr 'de<i)pX n , 

+V m Ad e ,d s ,V' + g^dedgW^A' 

. (4.16) 
+i (V m ZM-,c»t + g£dg&V n> B*) 

-i(v m B^d- e ,V> - g£dgVV n ,B>t)} . 
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One finds a similar expression for B^(z, z'). The vacuum expectation values of 
the regularized currents are 



B r?l (z, z f 



2n{gP n 'V [m G nW - V m G 

+g£(g pr 'v [n/ G rl]p -v n ,G)} ; 



(4.17) 







Recalling the meaning of the square bracket in eqs. 
itational contribution to the IR + -anomaly becomes 



B (+ \z) = -V m 



can be evaluated with the help of Synge's theorem [p9 

1 



B {+ \z) = -[((V m + g n ' m V n ) B+(z,z f ) 



and ( 4.10| ) the grav- 
(4.18) 

(4.19) 



If one inserts (|4.17|) into ( |4.19|) and if one tries to exhibit the combinations ( [4.12| ) 
in place of the vector GF, one gets 



flW(2) 



{(g^i^p'u] - g P '[,9r'u]V' g nr ') (V s Gl + V~ s Gl 
+ &V*<&7? 9 - g- st 'g Uv 'V t ,g%G wR ) 
+ (Vrf ' - guying™') (2g Su 'V u ,G + V^J 
- g [st, g n]v 'V t ,g p v ,G pU )}' . 



Now one uses the short distance expansions ( |4.10| ) and (|4.13|) in ([4.20|) . One 
realizes immediately that only singularities of the form a~ 2 contribute to Q4.20 ). 
The residues can be evaluated by means of the formulae: 



gi^[sg P 'u] - g P '[sg r 'u}^ p ' g r a 

}_ rr a n b c ( r>r p_ pr _E>_ _^ _i_ 

12 \ ab[s -f<<u\rnc an[s *^v\rbc J i ••• 



Vm'^™ — 9ris^mg 
1 

_ 6 



(4.21) 



CT (J (T ( _ RP ras R pb c -\- ^RP abcRps H~~ R^ aRcpbs ) 
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where the dots collect all the terms which are unimportant for the present calcu- 
lation. The result reads 



n 



1287T 2 



a a a b { a c a d 



a 



3a 



'acbRpd + R P aRbpcd 



R^ 'rabR vcd R P ac Rbprd j R P aR^b RR, 



l pb 



l ab 



(4.22) 



The average over the directions of cr m , a m amounts to the following replacements: 

■2 



„a „b . „ba ® . 

aa ^ 9 2 ' 



a a a a - 



/V 6 + /V 6 ) y- 



(4.23) 



One can avoid the average if one performs the subtraction of certain direction 



dependent terms \W\ in the regularized current. 

As a result the gravitational contribution to the IR + -anomaly assumes the 
manifestly local form 



£>(+) 



U ub 1 D 2 1 



pa p6 ~~ T>2 - pa d r>b 

, , -XI hit n —it it h r It nrl 

64vr 2 V3 4 12 



(4.24) 



It turns out that the contribution of the external gravity to the H_-anomaly 
has the same expression. 

Before discussing the result ( 4.24j) let us comment on its derivation. The con- 
tribution of the Faddeev-Popov ghosts cancels in Q4.24j ), hence the same result 
is obtained if one keeps only the first three terms in (|4.14|) and ( |4.15|) . The can- 
cellation is due to the special interplay between BRS and fermionic symmetries, 
suggests that the calculation could be performed without Faddeev-Popov ghosts, 



but with the ghosts introduced in section 5.1 



Eq. ( |4.24| ) can be written in the more familiar form 

B(±) = n (H - E) . 



(4.25) 



Here E and H are the Kahler analogs of the Euler and Hirzebruch (signature) 
densities: 



E 
H 



8tt 2 V 



1287T 

1 

192tp 



m n r>p r 
pr mn 



r T)m n r>p r 
ylt p r it mn 



n-tt m + It 



(4.26) 



pm pn 
it n lt 



n x L ml 
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Recall that on a Riemannian manifold without boundary, the densities ( 4.26|) 



have the expressions 41 



E = sL^ pRupx " ; H = ^ Rx ^ pRvpx " (4 - 27) 

where Rxp,u P is the curvature tensor and R\p Vp its dual 

Rxfiup = -y/g t-XfiapRpp 0113 ■ (4.28) 

One can write the curvature tensor R\ pup in spinorial form and decompose it 
into irreducible spinors [ 31 ] , . In passing to Kahler four-manifolds one realizes 
that the curvature tensor has the structure Rmnpf, symmetric in rh, f and n, p 
respectively. In terms of irreducible spinors it has the form 



Rmpm 4 ^2 ((Jpmdrn 9rm£lpn) U C^CpCj GfjU a p-yS 

+ ( e l e p9rn + e%e?9pm) U a/3 } . 



(4.29) 



Here U, U a /3 and U a ^& are irreducible spinors, completely symmetric in their 
indices. The zweibeins e^, e% convert spinor indices into holomorphic and anti- 
holomorphic ones. 

The densities ( 4.26| ) can also be written in terms of irreducible spinors. For 



Kahler manifolds one finds: 

E = -^{u aM& U a ^ 5 + AU aP U af3 + AW 2 



H = — L ( U af3l sU a ^ s - 24U 2 



(4.30) 



12vr 2 



By using (|4.29|) it is possible to express ( |4.30| ) through the curvature tensor over 
the Kahler manifold. The result is ( 4.26|) . 



5 Donaldson Cohomology 

Let (/C, 7) be a compact Kahler four-manifold with Kahler form 7 given by ( |2.1| ). 
Let E be a complex vector bundle with structure group G assumed Lie, compact 
and semi-simple. The connection on E splits into a (1,0) part a = cimdz" 1 and 
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a (0, 1) part a = cimdz" 1 . The curvature two-form can be decomposed into its 
(2,0), (0,2) and (1, 1) parts as follows: 



/(2.0) =da + a 2. f(0,2) = Q- a + - a 2 . 

/(Li) = da + da + {a, a} . 



(5.1) 



They obey the Bianchi identities 



D/a. 1 ) + D/( 2 '°) = ; Df™ + D/(°' 2 ) = ; 
D j(2,o) = ^^(0,2) = o _ 



(5.2) 



By using (|5.2|) one derives the basic identities (For simplicity we limit ourselves 
to invariant polynomials quadratic in the curvature) 



a Tr ( i/d-D 2 + f^fW) + B Tr/ (i,D / (2,o ) = o 



2 

2 



8 Tr IfW + /( 2 >°)/(°> 2 ) + d -nr/(i.i)/(o,2) = 



(5.3) 



Obviously, the last terms in both eqs. (|5.3| ) vanish, rendering the invariant (2, 2)- 
form Tr 2 + j(2,o) y(o,2)^ cloged with respect to both 9 and 8. 

Locally, the closed form can be represented as 

Tr (i/d- 1 ) 2 + /( 2 >°) /(°' 2 )) = 8K + dK (5.4) 

where 

K = |Tr (a9a + a/d.i)' 
K = |Tr (a5a + a/d.i) 



(5.5) 



One can easily check that 88K = 88K = 0. While eqs. ( |5.5| ) render the coho- 
mology of 8, 8 trivial, they are not gauge invariant. 
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5.1 Descent Equations and Their Solution 

The fermionic symmetries q, q act as follows 



qa = 


ip — Duo ; 


qa = 


-Da; ; 


qa = 


-Da; ; 


qa = 


■0 — Da; ; 


qi/j = 




qifj = 


— iDy? + [ifj, uj 


qifj = 


-lDip + [rjj,tJ\ ; 


qifj = 


[$M ; 


quj = 




qtu = 


-a; 2 ; 


qtp = 


[ip,u] ; 


qtp = 


[<p,Q] ; 


itp = 


qtu + quj + {a;, uj} . 







(5.6) 



The ghosts uj, uj are the first components of the Grassmann superconnections Ag 
and A§ respectively. They occur as supergauge transformations in superspace (see 
section p.2|) and ensure the nilpotency and anticommutativity of the fermionic 
symmetries 

q 2 = q 2 = qq + qq = . (5.7) 

Here a comment is in order, since apparently one cannot separate the action of 
q on uj from that of q on u. In fact, the ghosts u, uj can be expressed through the 
same prepotential V, as discussed in section Of course, V is determined up 
to chiral gauge transformations, i.e. up to local parameters which are annihilated 
either by q or by q. 



The procedure we shall now describe is an extension of the construction [43 



]|4j> [f|5| to complex manifolds. Let A be the space of all connections on the 



complex vector bundle E and Q be the group of gauge transformations. The 
quotient B = A\Q is the set of all gauge equivalent connections. Replace d by 
A = d + q and 8 by A = d + q. The derivations A, A act over the product space 
/C x B and satisfy 

A 2 = A 2 = AA + AA = . (5.8) 

Furthermore, one defines an adjoint bundle £ over K, x B. Let A = a + uj and 
A = a + uj be the connections on 8. One can construct generalized forms for the 
curvature 

^( 2 '°)=A^ + ^ 2 ; ^(°' 2 ) = A^ + ^ 2 ; , 

5.9 

= AA + AA + {A,A} . 
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The quantities ( |5.9| ) satisfy Bianchi identities similar to ( |5.2| ) 

A^ 2 <°) + [A, -F (2 ' 0) ] = ; A^°> 2 ) + [A, F {0 ' 2) ] = ; 

A^ 1 ' 1 ) + A^ 2 '°) + [A, + [A, -F (2 ' 0) ] = ; (5.10) 

A JT(0,2) + A ^(l,l) + ^(0,2)] + = . 

Also basic identities look similar to (|5.3|): 

v Tr T (1,1) f (2,0) _ n ■ 

(5.11) 

2 J-'^> z + + A Tr pwj-w) = . 

However, the last terms of ( p-l(J| ) do not vanish, since 

Tr ^(1,1)^(2,0) = Tr/ (2,0)^ + i \ . Tr J*W)j7(0,2) = T[f (0,2)( 1 f } + i(p ) (512) 



A Tr (ijFd- 1 ) 2 + ^(2,0)^(0,2)) + A Tr J&W>°) = ; 
A Tr ( 2 + ^2,0)^7(0,2)^ + A Tr ^(1,1)^(0,2) = o _ 



Due to Bianchi identities ( 5.10|) the expressions ( |5.11| ) are A-close and A-close 
respectively 

ATr ^(l,D >F (2,0) = g . ATrJF (l,l )jF (0,2) = g (5^3) 

By enlarging the field manifold one can make them A and A exact. This feature 
makes the theory of Donaldson polynomials somewhat different from that of TYM 
with a single fermionic symmetry. 

Let us introduce the forms x, b and X, b of (2, 0) and (0, 2) type, respectively. 
They obey 



qx = -ib - {u, x} ; qx = -i/ (2 ' 0) - {u, x} ; 

qx = -i/ (0 ' 2) - {a;, x} ] qx = -i& - x} ] 

qb = [b, to}] qb = Dtp - [if, x] + [b, w] 

qb = - x] + [6, w] ; q6 = [6, u] . 



(5.14) 



One can check that 



Tr J&tijft® = iq Trx U + vp\ = iA Trx (V> + vp) 
Tr JFC 1 ' 1 )^ ' 2 ) = i q TrX (^ + V) = iA TrX (ip + if) 



(5.15) 
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By inserting ( |5.14 ) into ( 5.10| ) one gets 



ATr (|^ (1 ' 1)2 + ^fi)jr(o,2)^ _ iATrx ^ + i(p 
ATr (|^ (1 ' 1)2 + ^( 2 '°)^(°' 2 )) - iATrx (ip + if) 



Let us now define 



W 



2tt 2 



— iA Tr% ("0 + if) — iA Tr% Oip + ifj | 



0; 
. 



(5.16) 



(5.17) 



Here the factor in front is conventional, and c is the second Casimir invariant of 
the adjoint representation of the Q, i.e. c ac dCb c d = c5 a b- Eqs. ( |5.15| ) take the form 



AW = 0; 



AW = . 



(5.18) 



By expanding W in the ghost numbers associated to IR-t (lower bracket) one 
gets the descent equations: 



q<; ) 


_ OVV (1,0) ' 


q<,o) 


= 


q<o) 


OVV (2fl) i 


q<o) 


= -ow$$ 


q<5 


- -dW {l ' 1] ■ 
(1,1) ' 


q<? 


= -sw§$ 


q<5 


- -Bw {1 ' 0) ■ 


q<5 


= -KS } 


q<$ 


= 0; 


q<;5 


= 


q<j? 


- -BW^ l) ■ 

OW (l,2) i 


q<,§ 


= 0; 




= 0; 


q<5 


aKK (2,2) 


q<'5 


- -Bw m ■ 

OVV (2,2) ' 


q<5 


= 0; 


q<S } 


= 0; 


q<g 


= . 



(5.19) 
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The upper bracket indicates the type of form on Kahler manifold. 

In order to obtain the solution of Q5.19 ) we write ( |5.17 ) in the form 



W 



' Tr (fi^ + fW + f^+ip + ip + itp) 2 



4tt 2 
ic 
"2^2 



{A Trx(^ + i<p) + A Tr X + ip)} . 



By expanding W according to r± numbers one gets 



(5.20) 



W {2 > 2 
vv (o,o 

W {2 ' 1 
W {1 ' 2 

W (0,l 



W, 



(2,0 



(2,0 



^1,1 

VV (1,2 



C 



Tr {\fW + f^f^ - id m - id (x$) } ; 

47r2 Tr(^D X -/ (1,1 V-^) ; 

" Tr UDx - f {1,1) 4> - H 
^Tr^-ipb) ; 
Tr + ip$ 

Tr^ ; W, 



4vr 2 

c 



47T 2 

c 



^(0,2) 



C 
47T 2 

ic 

I^ 2 



W, 



(1,0) 



(2,1) 

(0,0) 
(2,2) 



4tt 2 
ic 

471-2 



Tr (|"0 2 — 



(5.21) 



The numbers in brackets can be checked by using their additivity as well as 
table 1. The meaning of the letters in the first column is the following: r+, r_ 
are the quantum numbers of the global Abelian symmetries, (p, q) is the complex 
form degree and d the canonical dimension of the field. 
One can show further that 



w, 



(0,0) 



(2,2) 



{qTr (iip — ujuj) uj + qTr (ip + ujuj) uj} . 



(5.22) 



Nevertheless, W^'S is a nontrivial element of the (equivariant) cohomology of q 
and q, since it does not depend on to or uj. In other words, both Tr(ip — ujlo)uj 
and Tr{ip + lulo)uj are not gauge invariant. 

are local observables whose correlation functions might be 



Hence, W, 



(p,<?) 



nonvanishing. Of course, the W^\_^ are gauge invariant, i.e. sW^ r r _s 
Notice that s, q and q anticommute with each other. 



r(p,q) 



0. 



28 





a 


a 


V> 


$ 


X 


X 


6 


6 




A 


9+ 


9- 


fc 


r+ 








1 








-1 


1 


-1 


1 


-1 





-1 





r_ 











1 


-1 





-1 


1 


1 


-1 


-1 








V 


1 





1 





2 





2 




















Q 





1 





1 





2 





2 

















d 


1 


1 


1 


1 


2 


2 


2 


2 





2 


2 


2 


2 



Table 1: Quantum numbers and form degrees of various fields. 



5.2 Cohomology Classes 

Let us consider the equivalence classes of (p, g)-forms which are both d and 8 
closed but not exact. A (p, g)-form is exact if either u)(p, q ) = <95(/>( p _i i(? _i) or 
u (p,o) = 9(f) p -i(z) or else W(o, 3 ) = d^ q -i(z), respectively; here p,q>l. The equiva- 
lence classes make up a vector space known as the Dolbeault cohomology group 
H.( p ' q \)C; 9, 8). (The composition law is the additive group structure of the vector 
space.) Let us define 

«(r + ,r_)= LK+'T^M (5-23) 

where tO( Pt q) is a 9 and B closed (p, g)-form independent of the fields. One can 
check that ( |5.23| ) is annihilated by both fermionic charges q, q. Furthermore, if 
uj(p, g ) is exact, then fi( r+ =<j,r_=p) is highest component, i.e. it can be written in 
one of the following ways: qq$( 9 _i jP _i) , q$(,_i,o) or q$ (0iP _i). 

We shall see in the next subsection that q, q can be interpreted as complex 
exterior derivatives on the instanton moduli space M.. Since Q( q , p ) is a (q,p)- 
form closed with respect to both q and q, it belongs to the Dolbeault group 
H iq ' p) (M;q,q)- The Donaldson map between the Dolbeault cohomology groups 
relates u M G H M (!C; d, 8) to fi (?iP) e H^' p) (M; q, q). 
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(0,2) 



5.3 Donaldson Invariants 

For computing invariant correlation functions one needs the integrated observ- 
ables ( |5.23|) . It is convenient to express them in the form: 

^(co) = jLf^QfM' + fmf 

O(i,o) = - i ^^Tr{/( 1 ' 1 V + iq( X ^)}a; ( o, 1 ); 

fi( 2 ,o) = -^^^{§V> 2 + q(x^)}^(o, 2 ) ; 

O (0 ,2) = ^^Tr{lV? + q(^)}^(2,o) ; (5.24) 



ic /" ic 

0(2,i) = ^J K Tr<pt/>w M ; fi ( i,2) = ^ Try^ (2 ,i) 



/c 



0(2,2) = -r^ / Tr(/7 2 a;(2,2) • 



The correlation functions of the observables ( 5.24|) are the well-known Don- 
aldson invariants and have the form 

(110^^) = / [d/*in n 0H*) ex p{-^ 5 } • ( 5 - 25 ) 

where the functional integral is performed upon the fields /x figuring in table 1. 
Since the observables O( p ,o), &(o,q) depend on x, x, a direct integration of the 
non-zero modes in the path integral is not possible. Nevertheless, one can show 
that the correlation functions (|5.25|) remain unchanged if the equations (|5.24j) are 
replaced by another system of observables depending only upon the gauge fields 
and their various topological ghosts. The new observables - denoted by f2(p, g ) - 
are obtained from 0( P)9 ) by interchanging q and q. A simple calculation leads to 

0(1,0 = ~J K ^{f^H + ^}^ (M - 1 

O(o,i) = - I ^(Tr{/( 1 ^ + /(°' 2 V}^(i,o); (5.26) 
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"CO) = ^/,Tr{^ 2 -i/ (2 '°V}-(o, 2 ); 
% 2 ) = ^/,Tr{^ 2 -i^ 2 V}- (2 ,o), 



while the other observables obviously are not affected. 

For the proof let us write the generating functional of (|5.25|) in the form (a q , 
(3 p are arbitrary numbers) 

^exp j$>, (A q + qB q ) + £/3 p (C p + q£> P )}^ (5.27) 



where A q + qB q , C p + qD p are the Donaldson integrated observables ([5724]). Being 
invariant under both q and q they obey 

qA q = qC p = ; qA q = qqB q ; qC p = qqD p . (5.28) 

Of course, for some q or p one can have B q = or D p = 0. 

Let us deform ( [5.271) continuosly into the generating functional of the new 
observables fi(p, g ) by means of 

^exp a q [A q + ((1 - u)q + uq) B q ] + ^ j3 p [C p + ((1 - u)q + uq) D p ] \ \ 

(5.29) 

where « is a real parameter in the interval [0, 1]. By differentiating with respect 
to u and by using the conditions ( [5.28 ) one can show that (|5.29 ) does not depend 



on u. The generating functional of the new observables is obtained from ( |5.29| ) by 
taking u — 1. Due to the u independence it coincides, however, with (|5.27|) . The 



integrand of any correlation function has been transformed into an expression 
depending only on the variables a, a, their topological ghosts if), ip and the ghost 
for ghosts ip. Hence we proved 

(n%,^) = (n%^)) • (5.30) 

The evaluation of the correlation function proceeds along the same lines as 
for TYM with a single fermionic symmetry by taking advantage of working 
with the action ^ 

-qq J Tr (xx - rf\f) (5-31) 
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which differs from (2.10) by a qq-term. One can now integrate out all non-zero 
modes. It is usually assumed that there are no zero modes in the variables \i X> 
b and b. 

There is a special prescription for handling the ghost for ghosts: The field ip 
has to be replaced by the solution (ip) of the differential equation 

g nm ({D m , D n } {ip) + 2i{^ m , iP n }) = (5.32) 

where ip m , ip m are the zero modes of the topological ghosts. In solving eq. ( |5.32|) 



one can meet zero modes of <p, for which the procedure of ref. [|T^] should be 
extended to the Kahler case. For simplicity we shall assume in the following that 
also such zero modes are absent. 

The path integral measure takes its canonical form [da] [da] [dip] [dip] where a 
and a are solutions of the self-duality conditions: 

fmn = fmn = 9 fmn = . (5.33) 

Since ip and ip are the zero modes of the topological ghosts, they obey the fol- 
lowing equations of motion: 

D [m Vn] = D^Vfc] = D m ?T = D m ip m = . (5.34) 



One can show [IJ], [^UJ that instanton deformations orthogonal to purely gauge 
transformations obey identical equations. Hence ip and ip are tangent vectors to 
the instanton moduli space M.. Since q, q relate a, a to ip, ip, they play the role 
of exterior derivatives on A4. 

The integration of ip, ip is straightforward and transforms the integrand into 
a wedge product of (pi, Oj)-forms over the moduli space 



In writing down eq. (|5.35| ) we assumed that M. can be considered a finite dimen- 



sional Kahler manifold Pq| . 

One can now establish a selection rule for the correlation functions as given 
by ( |5.35| ). The action S needed for computing the left hand side is invariant 
under the global Abelian symmetry IR+®IR_. In contrast the integration measure 
transforms under IR± with certain weights that are equal and exactly compensate 
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the dimension of Ai. Therefore ^(p il3i ) should provide the compensating total 
weights 

$>i = 5>i = dimAl. (5.36) 



This means that the integrand of ( |5.35|) is a top-form, i.e. a (dim Ai, dim.M)-form 
over A4. 

The careful reader may have noticed that the correlation functions were de- 
fined by using the action (2.10) in which the BRS gauge fixing has been neglected. 
The importance of the BRS gauge fixing conditions both for interpreting and 
computing Donaldson invariants has been emphasized for TYM with a single 



fermionic charge in [12|] 



In our case the BRS gauge fixing appears in the total action S + S' suggesting 



its use in defining the correlation functions. Since the eqs. ( |5.14j ) relating x-, 
X to J*- 2 ' -* and J*- ' 2 -* respectively, now become equations of motion, we cannot 
start from the old observables £l( Pj q), but rather from the new ones Q( P , q )- After 
performing the functional integration over the chiral superfields M mn , M^n one 
recovers the full system of eqs. ( |5.14| ) and one can infer that ( |5.30| ) still holds 
(albeit with a gauge fixed action). This is important in order to make sure that 
we are discussing the correlation functions of the solution to the cohomology 
problem of q and q. 

It is possible to develop an analysis for TYM with two fermionic charges sim- 
ilar to that performed in in order to show that the BRS gauge fixing in 



superspace is equivalent to Witten's method of computing the correlation func- 
tions. Let us write the gauge-fixing action in the form 

— \s J 7 jqTr ddu — qTr d)du} . (5.37) 

Here d and d) are the first components of the chiral superfields D and . The 
(1,0) and (0,1) forms 

u = u m dz m ; u = Ufndz m (5.38) 
are constructed from the chiral connection superfields 

U m + 0lT m ; (pm = Urh + O^m ■ (5.39) 



In view of the above gauge fixing term one can start from the following path 
integral for the correlation functions 

(0) = Jm[dV}0(fi,V) exp|-i l S[/i,^]|5(V m (/) m )5(V^)A(0,0) (5.40) 
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where fi represents the collection of superfields <p m , 4>m, A, X mn , I M ; 0(fi, V) 
denotes a gauge invariant function (a product of Donaldson polynomials) and 

A- 1 ^) = f[dg] 5(V-C)^(V^C) (5-41) 
Jg 

is the Faddeev-Popov (super) determinant. 

From now on we will express all superfields by components. We would like to 
consider the gauge group Q consisting of chiral transformations with the param- 
eters i] and acting on the field components as follows: 

u ' m = e" r? (w m + V m )e' ? ; u' m = e"* (u m + V„)e" r ' t ; 

74 = e-% m e"; < = e^e^ ; (5.42) 

e v' = e V^ e v e V 



where v is the first component of the superfield V. The components of non-chiral 
gauge superfields transform according to unitary transformations generated by 



a' m = e h (a m + V m )e h ; a' m = e h (a 1fl + V m )e h ; 

(5.43) 



m 



ijj' = e ''we' 1 ; uj' — e ^we' 1 

= e~ h (pe h . 



(As can be seen from (2.17) /i depends highly non-trivially upon 77, 77', and t>. 
The components of A, X m „, and 1^ transform similarly, but they are not of 
interest for us here.) Finally, the matrix ez transforms in one of the following 
equivalent ways 

eT = e^e V = e~ h eh v (5.44) 
and serves to relate components of chiral and of gauge superfields 

u m = e~Ha m + V m )ei ; u m = e^(a^ + V m )e~i ; 

TTm = "Dm^ + e-f (^ m -D m Cj)et ; Tlrn = V^U) + (V>m ~ Dm^) . 

(5.45) 
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Let us now perform a chiral transformation on the path integral measure and 



on the integrand of ( 5.40 ). Everything but the 5-function is invariant under such 
a transformation. 

If one chooses the chiral transformation such that v' = 0, one gets from 
(pr43 )-(pT44l ) the relations 



e" 


— ^ h 

= e ae ; 


& 1 = 


— h — 2i 

e e 2 ; 




u' 


- a' ■ 




a' ' 


(5. 




= ; 


7T'- = 

m 


V4- 




can show that 










V = 


26lo' - 29uj' - 


- 66 (iip' - 


-2K,w'}) ; 




4>m = 


a' m + 6ip' m ; 


4>rh = 


= a'™ + dip'^ 


(5. 



is the supersymmetry gauge in which q = d$ and q = d§ have the action given 
I'.v 

Now we perform the change of field variables 

(5.48) 

so that any dependence of v, u, and ui in S and disappears and moreover the 
corresponding Jacobians are equal to one. The system of variables fi is replaced 
by /i. One can easily check that 



(0} = J[dfM) 0(n)e*p{~S\n] 



(5.49) 

xi(V™aL)*(V%)*(V m i)^ri)A(a, ft a, $) 

where the new Faddeev-Popov (super) determinant is obtained by integrating 
over the unitary subgroup generated by h: 



A-\a^;a^) = / [dft] 5(V m a 'J6{V*cQ 

(5.50) 



x5(V m ^)5(V m V' 
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The above considerations lead to the following path integral for the correlation 
functions: 

(O) = J[dn][MO(ii) exp j-i<S[M} (5-51) 

where 



S\fi,v] = ^{|qqTr (xx-i7 2 A/ 



(5.52) 



S7 



qTr dDo(a — ao) — qTr $ D 



0(0 - a , 



)]} 



and v stands for the fields d, d> as well as all the fields obtained from them by 
applying s, q, and q. We also introduced the background gauge field forms a , a 
and the corresponding covariant differentials D , D upon which s, q, and q act 
trivially. 

The similarity of (|5.51| ) with the expression used in shows that the pre- 
scription to evaluate the Donaldson invariants can be derived from the standard 
(with gauge fixed action) path integral also for TYM with two fermionic charges. 
Of course, the prescription coincides with that obtained by neglecting the gauge 
fixing term. 

A first systematic attempt to compute Donaldson invariants of smooth, ori- 
ented, compact four-manifolds has been given by Kronheimer and Mrowka [47| . 
They showed that the Donaldson invariants of the so-called manifols of simple 
type exhibit universal relations. It has been conjectured ^7J, |J that all simply- 
connected four- manifolds with b% ( b^ is the number of independent self-dual 
forms ) are of simple type. Subsequently, almost all SU{2) and SO(3) Donaldson 
invariants for Kahler four-manifolds of simple type with b% = dimTi^'^/C; d, d) > 
1 have been calculated by Witten M , making use of the known infrared behaviour 
of N — 1 supersymmetric gauge theories. On the other hand, precise formulas 
relating the Donaldson invariants to Seiberg- Witten invariants ( for a review see 



) have been conjectured in 0. In sharp contrast to Donaldson invariants, 
which are defined on the moduli space of instantons, Seiberg-Witten invariants 
are associated to moduli spaces of abelian monopoles. The Seiberg-Witten the- 
ory is a powerful method which allows the calculation of all Donaldson invariants 
in case of Kahler manifolds of simple type as mentioned above. In order to make 
contact with the present work we point out that the manifolds of simple type can 
only have correlation functions of the observables ^(1,1) and ^(2,2)- 
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A different approach based on the holomorphic Yang-Mills theory |3(J has 
been proposed in |4j| and used for computing correlation functions of the product 

^(2,0)^(0,2)- 

Concerning the mathematical literature we refer to |50| where the Donaldson 
invariants are obtained by means of the so-called blowup formula. A first step in 
proving the formulas conjectured by Witten Q has been made in [plR . 

Finally let us mention two papers [[' 



, |53| where the question of computing 
Donaldson invariants for four-manifolds with b% < 1 is raised. 

Some results of this section have been obtained in refs. [f29], |[30|| . They concern 
Donaldson observables with equal ghost numbers Q(p, p )- Here we included the 
off-diagonal Donaldson observables, thereby completing the interpretation of the 
fermionic charges as complex derivations on the instanton moduli space. 



6 Conclusions 

In the present paper we formulated TYM theory with two fermionic charges on 
the superspace consisting of a Kahler four-manifold and two Grassmann variables. 
In contrast to TYM theory with a single fermionic charge, we had to impose 
certain constraints in superspace. We solved the constraints and showed that the 
gauge transformations were replaced by local chiral transformations. Then we 
elucidated the structure of the Faddeev-Popov ghost sector and determined the 
total action. 

Furthermore, we used the action for perturbatively computing the (Kahler) 
gravitational contribution to the dimension of the instanton moduli space. In 
performing the calculation we showed how the covariant point-splitting technique 
can be extended to Kahler manifolds. 

Insisting on the specific form taken by the local conservation law on Kahler 
manifolds we discussed in some detail the global symmetries of the action. We 
showed that the associated currents representing locally these symmetries (ener- 
gy-momentum tensor, fermionic and antisymmetry currents) are highest compo- 
nents of gauge invariant superfields. BRS symmetry does not alter this property, 
while the irreducibility of the multiplets is sometime lost. In any case, all their 
correlation functions vanish. 

In addition we also determined the non-trivial observables. They are cohomol- 
ogy classes of both fermionic symmetry operations. Some of the classes involve 
additional fields, absent in TYM with a single fermionic charge. Nevertheless, 
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we could show that the correlation functions of all non-trivial observables can be 
represented as integrals of top-forms over the instanton moduli space. 
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